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a*c 2 +2c(2x 9 4 3axy) -y^iay+Sx 2 )=0. 

This is the primitive equation. If the values of c are equal, then 

(2x s +3axy) 2 +a*y*(iay-\-3x !! )=0 ; i. e., (x*+ayy=Q. 

When the discriminating equation has a factor cubed, this factor equated to zero 
gives the cuspidal locus of the given family of curves. In fact, in the present 
case there is a cusp at the point ( ai cS , — al c* ). 



GEOMETRY. 

260. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 

Perpendiculars to the radius vector are drawn through points on 
r=a4-boosn6. Find the radius of curvature of their envelope at a point at a given 
distance from the origin. 

I. Solution by G. B. M. ZERR, A. M., Pb. D. 

r—a + beosnd=Rcos(<l>—0)=p (1). 

Differentiating (1) we get, — &wsinw0=Rsin(<£ — 0) (2). 

.-..K s =:(a+&cosw0) 2 +b 2 n i sin 2 rJ (3). 

.•. J B 2 =i) 8 +6 8 w 8 -M 2 0)-a) 2 (4). 

(3) and (4) are both equations to the envelope. 
Radius of curvature =p=B(dR/dp). 

:. p=p-\-an % —n 2 p—r-\-an 2 —n*r=an* -)-(l — w s )(a+&cosw0) 
=a-J-6cosw0— &M 2 eosn0=a— 6(w s — 1)cosh0. 

II. Solution by G. W. GREENWOOD. M. A. 

Let (p, a) be the foot of the perpendicular from the origin upon the tan- 
gent at a point P of the envelope. Then at P, 

P=p + d i p/da l! =a-}-'bcosna— bn 2 aosna, 
since p—-a-\-beosna. 



MECHANICS. 

188. Proposed by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

I have a tank, the lower part of which is a hemisphere 22 feet in diameter. 
The rest is a cylinder 22 feet in diameter, and altitude 28 feet. This tank is con- 
nected with the earth by a vertical stand-pipe 10 inches in diameter, 130 feet 
long, extending 2 feet into the tank. The tank is filled by a 2£ inch pipe 65 feet 
long, having one right-angled elbow delivering the water into the bottom of the 
stand-pipe from a steam pump under 96 pounds gauge pressure. How long will 
it take to fill the pipe? 
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Solution by the PROPOSER. 

Let ft=effective head of water, W== weight of water discharged, 1=65 feet 
—length of feed pipe, d=2% inches= T B ¥ feet=diameter of feed pipe. Then 
h W— total energy consumed. 

—= — =kinetic energy giving motion to the water, J - —energy of snr- 

Bv % W 8v* W 

face friction in pipe, — ~ — =energy of resistance at entrance of pipe, — - f — -=en- 

/ fl \Wv* 

ergy of resistance at elbow. .•. hW=[~s—\-fi+8-\-l)-^— . 

From many experiments, /=. 030268, /9=.505, 3=.9846. 

.•.A=(9.443616 + .505+.9846+l)^; -^-=.0155. 

.-. h=. 184965v* or v=2.32517 } /h. 

n * a* v- * far a a ^X-V-X 3600 X 2.32517 t/7* 

Q = — r a 2 v=--vnx>\(i feet delivered per second= - -. — r-j-: - — 

^4 ^ 4x144 

=285.342|/A=Oi/A suppose=cubic feet per hour. 

Cj/ ft e^=cubic feet delivered in time dt; xy 2 dx=height dv ol tank filled 

in time dt. 

.-. Gi/A dt=*y*dx. :. t~ C^-. 

Let ^=96. pounds— gauge pressure of water on pump. Since one foot of 
water=. 43302 pounds per square inch, p pounds=2. 30936/) feet of water. 

.-.^=2.30936^-130. Let B=2.30936j>-128; B'=2.30936p-1H9. 

Let <=time of filling whole tank; fj=time of filling the bottom two feet; 
£ 2 — time of filling the rest of the hemisphere; i 3 =tiine of filling the cylinder. 

The equation to the circle whose revolution about a diameter generates the 
sphere is x' i -j-y i =22x. 

■ t - * C(22x x^dx- 124 * ■ t -JL C n (&X-*')** 

'"' '* ^WciS 6 * 2 ~ 220x + 8-Bx-440B+16B 8 ))/(B-x)V 
= j|^[(16B 2 -352B-1694),/(B-ll)-(16B2 -4245-416)^(5-2] "1 
121*/™ dz 242* 

r r 124 
t=t x f t 2 + t 3 =- e -|_- I - 7F + T V(16B*-352B-1694)/(B-ll) 

- T V(16B s -424B-416)/(B-2)+242[ y(B' )-,/(£' -28 ) ]1. 
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p=96, ft=91.7=92 say, 5=94, B'=83. 

:.t=n/0 (4.3093+90.3161+409. 9964)=1.76848>r=5 hours, 33 minutes, 
21 seconds. 

The actual time observed for filling this tank to within 4 inches of the top 
was 5J hours. 



MISCELLANEOUS. 

149. Proposed by F. P. MATZ, Ph. D., Sc. D. 

Given sin - ^e+sin - 4 M =4 ,r 7 to find u. 

Solution by J. EDWAED SANDERS. 

By use of the addition theorem, we have 

i l /2=w.* v /(4-it»)+iH. 1 /(l'-t»*)- 

Squaring twice and arranging, we get the trinomial 17w 4 — 20j< 2 =— 4, or 

m=±i/(^±^L]/2). Whence u=±. 50544945 or ±.95968298 

The first value is the one solving the question. 

Also solved by R. D. Carmiehael, G. W. Greenwood, A. H. Holmes, L. E. Newoomb, J. Sobeffer, 
W. L. Tryon, G. B. M. Zerr, and the Proposer. 

150. Proposed by T. N. HAUN, Mohawk, Tenn. 

If — — ,=m, find maximum and minimum value of . ,,,„{ , where is 

sinv'- sm((*+") 

known. 

I. Solution by A. H. HOLMES. 

— r _il == )M. .". sini=i»sin^ and eos<£=i/(l — m 2 sm z ti>). 
sin^' 

msin^' costf+sintf j/(l— r« 2 sinV) 
sinv'- cos0+sin0 j/(l — sin 8 v'') 

Differentiating, etc., 

2cos 8 tf(m s +sin 2 0+cos 2 0) 



--maximum or minimum. 



sin 4 ^/' 



(m a — sin'^+cos^) 2 + 4sin 2 0cos 2 

cos 4 



(m 8 — sin 8 + cos 8 <?) 2 +4sin 2 cos 2 0' 



. . sinc''= — ; ^ — -. ?-c for maximum, 

|/ (m 2 — 2msin0 + l) 



, . , cose . . 

andsimfe— - — — — - — r— - — rrf or minimum, 
l/ (m 2 +2msin0+l) 



